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ABSTRACT 


= Introduction 


This paper involves an extension of some non-unique fixed point theorems of mappings in bi-metric space using 
6 — contraction. First, we discuss a brief history of fixed points and applications of the fixed points. Fixed point 
theory plays an essential role in various applied and theoretical fields, such as differential and integral equations, 
theory of dynamic systems, game theory, approximation theory, and nonlinear analysis. In the research aspect, it is 
considered one of the most active and favorable subjects, thus numerous mathematicians such as Cauchy, 
Liouville, Peano, Lipschitz and Picard did work in its related field. The significant result in fixed-point theory is the 
famous result by Brouwer in 1910. He also proved the result for n-dimensional Euclidean space. Birkhoff and 
Kellogg investigated the first infinite dimensional fixed point theorem. Later, Banach [2] gave the idea of a fixed 
point for contraction mappings which is known as the “Banach Contraction Principle” in 1922. This principle is 
useful for the uniqueness and existence of fixed points. There have been many generalizations of this principle in 
distinct directions [1, 3, 4, 6, 7]. Marr gave the first important result for non-expensive mappings. In 1941, 
Kakutani studied the fixed point problem of multifunction and generalizations of this type of mapping discussed in 
[5, 8, 9, 10]. 


Main Body 
Firstly, consider a theorem about non-unique fixed points of self mappings in bi-metric spaces. 


Theorem-1: Let S # @ with bi-metrics p and 6 on S and T : S > S be T — orbitally continuous mapping which 


satisfies 
(i) 0(p(Tg,Th)) < [A(5(g,h))|°, forall g,h ES anda € (0,1) 
(ii) (S,p) is T — orbitally complete metric space 


ees O[min{p(Tg,Th),e(g,Tg),p(A,Th)}] c 
Se 
am) 6[min{p(g,Th),p(h,Tg)}] = (15, MD)° for ce (01) 


(iv) 6[5(g,h)] < (6[p(g,h)])%, forallg #h€ES and c, € (0,1) 
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Then T has fixed point. 


Proof: Suppose g € S be any arbitrary point. We wish to prove that the sequence of iterates 


Jo= 9; 
n= To, 
92 =T91, 
Iw = T9w-1 


at x is Cauchy sequence. If gy_1 = Jw for some w € I* where /* is a positive integer then {gy} is a Cauchy 


sequence, we may suppose that gy_1; # Gy for each w = 1,2,3,... let g = Qy_1 andh = gy we have 


almint oT gwaart dw) POwaie! Gw1)) PG Bw) 3 


A[mintp(Gw-1,T Iw), P(\Gw T Gw-1)3] < (18-1 Iw)D 


O[min{p (gw, Iw+1)) P(\Gw-1» Jw)» PCGw Jw41)3] 


O[min{p(Gw—1 Iw+1) P(Iw» Jw) $1 S (6[6 (Gw-1,9w)D 


A[min{e(Gw-1 Iw), P(Gw Jw+1)3] 


Amin{pCGy—1Gwes) OH] = 1 CSw-ardw)D° 


which implies 


A[min{e(9w—1 Iw), P\Gw» Iw+)3] S OL5 Cw-1, Iw) DS 

By (iv) A16(Qw-19w)] S$ Ple(Ww-v9wle, for c, € (0,1) 
Almin{p(Gw-1 Iw), PCGw: w+ 3] S Ole w-1 Iw) D4 

Let cc, = k € (0,1) and suppose min{p(gw, 9w+1), P(Gw-1 Jw) } = P(Gw-1 9w) 
A[min{o(gw-1,9w)3] S$ (lp (Gw-1,9w) D* 

A[P(Gw-1 Iw)! S OleCw-1, w)D* < Ole(Gw-1 Jw) 

8[P(Gw-19w)] < Olp(9w-1 Iw) 


which is contradiction. So, 
O[0(9w» Iw+1)] S (l0(Gw-1 9w)))* 
8[P(Gw» Gw41)) S (OlPCw—1 Gw)D* < (Ole (Gw-2 Iw-DD* << lpg. TA)D*” 


1 < 6[p(w9w+1)] $ @le(g.Ta))*” forall weN 


Letting w > © we get 
Jim @[(9w, Iw+1)] = lim 6[p(T"g, T"*"g)] = 1 
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which implies 
lim pr’ 9,T’ a) =0 
w-co 


Now proceeding in similar way, such that there exists w, € N we get 


1 
p(T"’g,T”’*1g9) < = forall w>w, 
wr 


Now for s > w 
p(T’ g,T*g) s p(T’ g,T’ tg) + p(T" 1g, TY t7g) + p(T’ 2g, T’ 3g) + + + p(TS"*g,T 8g) 


p(T”’g T*g) Be = ea 
Wr (7) i (7) 
wr (wt+1)’/ (w+2) (s — 1) 
s-1 ‘ 
pr"gTg)<) 5 
i=w lr 

s-1 


1 
p(T” g,T*g) s > == 


1 
r 


(oe) 
1 

2 

r 


i=w lL i=wl 


co 


1 
p(T" g,T°’g) Ss » zi 
i=w lr 


It is infinite geometric series and is convergent (as 0 < 7 < 1). Therefore, {Tg} is C.S. As (S, p) is T — orbitally 
complete, so there exists v € S such that 
v= lim T’g 

w-0o 
By orbital continuity of T 
Tv = lim TT’g =v 

w-0co 

Now change some conditions in the above statement, and take a new theorem. 


Theorem-2: Suppose S be non-empty set with bi-metrics p and 6 on S. Suppose that (S,p) is T — orbitally 
complete and T : S — S be T — orbitally continuous. For € > 0 there exists gy € S such that p( Gil 90) <e for 


k €I* and if T satisfies 

@) 6[p(Tg,Th)] <[@(5(g,h))|* forall g,hES and a € (0,1) 

(ii) 0 < p(g,h) < € implies that 6[min{p(Tg, Th), p(g,Tg), p(h, Th)}] < (@[6(g,h)])° for c € (0,1) 
(iii) O[6(g,h)] < (Olo(g.h))* , g #h and c, € (0,1) 

Then T has periodic point. 


Proof: Let we define a subset K = { por 9) <e forsome gES } of positive integer is non-empty. Let 


m = minK and suppose that 
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pg, T™g)<e for ges 
Case-1: If m = minK = 1 then 0 < p(g,Tg) < € for g and Tg we have 
a[min{o(Tg,TTg), (9,79), p(Tg,.TTg)}] < [0(5(g,T9))] 


A[minfp(g,Tg),e(Tg,T7g9)}] < [0(6(g,T9))|” 
By (iii) 
a[min{p(g,Tg),o(T9,T*g)}] <[A(o(,.T9))] 
Let cc; = k € (0,1) and if min{p(g,Tg), p(Tg,T29)} = p(g.Tg) 
alp(g.T9)] < [6(P(.T9))] 

alp(g,Tg)] < [A(o(g.T9))| < Ale(g.T9)I 
Alp(g,Tg)] < Olp(g,Tg)] 


which is a contradiction. So, 


k 
[p(T g,T*g9)] < [6(e(g,T9))| 
Similarly, 
k k? 
O[p(T?g,T*g)] < [O(p(Tg,T*9))] < [O(PCg.T9))| 
alp(T’ g,T’*4g)] < Olp(T’-2g, Tg) << [A(o(g,T9)) |" 
kw 
1 < 6[p(T"g,T”**g)] < [8(o(g,T9))| 
Applying limit w — co we get 
lim 6[p(T"g,T’**g)] = 1 
w-0o 
Implies 
lim p(T’ g,T" 49) =0 
w-0o 
Now by same argument of Theorem | we get Tv = v 
Case-2: If min K = m = 2 and suppose 
p(h,Th)=e forall hEeS —-9 (1) 


Then by our assumption 0 < p(g,T™g) < € 
@[min{o(Tg,TT™g), p(g,Tg),p(T™g, T™*1g)}] < [0(6(g,Tg)) |” 
a[min{p(Tg,T™**g), p(g, Tg), p(T™g, T™**g)}] < [8(5(g,T"g))]° 
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By (iii) 

almin{p(Tg,T™**g), p(g,T 9), p(T™g,T™**g)}] < [A(o(g,.T™9))] 

Let cc, = k € (0,1) and if min{p(Tg,T™**g), p(g,Tg), p(T" 9, T™**9)} = p(g,TQ) 
ale(g.Tg9)] < [0(o(g.T"9))] 

alo(9.T9)] < [A(o(g.7"g9))] < O(p(g,T"9)) 

A[p(g,Tg)] < A(p(g,T™"g)) < ACE) 

By using (1) 

A(€) < Alp(g,Tg)] < Ae) 

A(€) < A(E€) 

which is not possible. 


If 


mintot gl gag, taper gt ™ gp} =pr"g1l" 9) 


Then by (1) it is again contradiction. So, 

Alo(Tg,T™**g)] < [8(o(g,T™g))] 

alp(Tg,T™**g)] < [(o(g.T"9))] < (8) 

Similarly, 

alo(T2g,T™*g)] < [o(o(Tg,T™*g))]* < [6(o(g, 79)" 

alp(T2g,T™**g)] < [a(o(r2g, T™*2g))|* < [A(o(rg.T™**9))|* < [A(0(g.T"9))|" 
In general 

alo(T”g, T™"g)] < [(p(r’-1g, T™*"-1g))|* < [a(o(r*-2g, T™ 2g)" << [A(p(g. Tg)" 
1 < 6[p(Tg,T™*™g)] < [0(p(g,.T"g))| < (01) forall wEN 

Jim @[o(T”g,T™*" g)] = 1 

implies 

Jim p(T’ g, T™*"g) = 0 

Now proceeding in similar way such that there exists w. € N we get 


1 
pT’g,T™'Wg) <= forall w>wy, 
wr 
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Now for s > w 
per gi geo glo) pr gt gy pg, CY g) eet gt g) 
1 1 1 


1 
pg Py Se a 
wr (wt+1)r (W42)r (s —1)r 


s-1 


1 

p(T" g,T°’g) Ss > = 
i=w IT 

s-1 1 (ee) 1 

p(T’ g,T*g) < = < = 


1 1 
Tr Tr 


i=w L i=w lL 


co 


‘i 
p(T” g,T*g) < ys aa 


i=w ir 
It is infinite geometric series and is convergent (as 0 < “ < 1). Therefore, {Tg} is a Cauchy sequence. As (S, p) 
is T — orbitally complete, so there exists v € S such that 
lim T’g=v 
w-00 
Now by orbital continuity of T 
Tey = jim TYT*’g =v 
Theorem-3: Suppose S be non-empty set with bi-metrics p and 6 on S and T : S > S be T — orbitally continuous. 


If T satisfies 
(i) 0(p(Tg,Th)) < [0(5(g,h))]* forall g,heSandq€ (01) 


(ii) O[6(g,h)] < (lp(g,h))*, g9#h and ke (0,1) 


A[min{p(Tg,Th),p(g,Tg),p(h,Th)}] 


alminiolaTh (Tal <6(6(g,h)) , g#h , foreach g ES 


(iii) 
Then the sequence {T” go} has cluster point v € S then v is fixed point of T 

Proof: Let v € S be a cluster point then 

lim T’gyg =v 

w-00 

If T’-1gy9 =T” go for some w €/*, then v is a fixed point of T which is our required result. 


If T’~1g9 #T” go forall w €1* then for T’~1g9 ,T”’ go € S we get 


O[min{p(TT”~* go, TT” go), p(T” "go, TT” * go), PT” Go, TT” Go) 31 
6|min{p(T’~1 99, TT” Go), PCT” Jo, TT” * Go) 3] 


A[min{p(T’~*go,T”** go), PT” Go, T” Go) 3] 


< 6(6(T” 1g, T” go)) 


< 6(6(T’ 19, TY Ga) 
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O[min{p(T” go, T”** go), p(T” * go,T” go) 3] 


w-1 w 
[mini Agy, TWIG), oH] OCCT” "GT" Go)) 


A[min{p(T” go, T”** go), p(T” *go,T” Go) 3] 


6[0] < 6(5(T”~+g0,T” go)) 


O[min{p(T” go, T”** go), p(T” *go,T” go)}] < 8(d(T”~1g0,T” go)) 
By using (1i) 

A[min{p(T” go,T”** go), 0(T”"go,T” go} < [(o(T”*Go,T" G0) 
If n{p(T" go,T”** Go), PT” * Go, T” Go) = PCT” * go, T™ Go) , then 
A[p(TY-1go,T” go)] < [0(o(T”-*g0,T” 90))| 

A[e(T’-"go,T” go)] < [0(e(T”-1go,T" 90) < Olo(T”-*go,T” Go) 


O[p(T”~*g0,T” 9o)] < O[p(T” *90,T” 90)] 


which is not possible. So, 


A(T’ go, T’*199)] < [A(p(T”-199,T” 90))] 


A[p(T’ go, T”** go) < [0(o(T”-g9,T”g0))] < [(p(T”-2 go, T”-*g)) |” ne [9(p(go,T90)) |" 


1 < [p(T go,T”** go) < [((Go,T90)) |" 
Applying limit w > 00 we have 

jim A[p(T" go,T”**go)] = 1 

Implies 

Jim p(T" go,T”** Go) = 0 


Now proceeding in similar way such that there exists w, € N we get 


1 
PT’ Go,7T" go) <—= forall w>w, 
Wr 


Now for s > w 


pO Gel on) SOC" Gal Go) FpI Gol rae) tp Gal Go) Fe eT gal Ge) 


rr 4 1 1 1 1 
pO" got 90) = —__a*§ ar i 
wr (w+1)r (W+2)r (s — 1)r 
s-1, 
p(T” 90,T* 90) S > zT=w 
i=w lr 
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Hence, p(T” go,T°go) > 0 as w,s > ©. So {T” go} is Cauchy sequence. So there exists v € S such that 
lim T’ gp =v 
w- co 
Now by orbitally continuity of T 
Te= lim T+ 95 = 0 
w-oco 


Now change some conditions in the theorem-3, and take a new theorem. 


Theorem-4: Suppose S be a non-empty set with bi-metrics p and 6 on S and T: S > S be T — orbitally 


continuous. If T satisfies 
(i) 6(e(Tg,Th)) < [A(5(g, h))|“ forall g,hES and qé€(0,1) 
di) 6[6(g,h)] < (lpg h))* . g#h and ke (0,1) 


(iii) 0 < p(g,h) < implies that 6[min{p(Tg,Th), p(g,Tg),p(h, Th)}] < @(S(h,Th)) , foreach go € S the 


sequence {T” go} has cluster point v € S 
Then v is a fixed point of T. 
Proof: Let v € S be a cluster point ie. limy.T” gp = Vv. 


Then there exists Wy € J+ such that 
€ 
p(T" gov) < g 4 WP Wo 
which gives 
€ € 
pT™ go, T¥**go) < p(T™go,v) + pv, TW*go) <5 +5 =€ 
Now, we define a set 
K={kelI* ,p(T'go,T'** go) <e€ forsome ret} 
is non-empty. Suppose that mink = m 


minK ={mel* ,p(T'go,T't*g9) <€ forsome r€I*} 


If T’go =T'*™ Go for some r € I+ then v=T'gg =T™v which is our required result. If T’gg # Tt go 


for all r € I* then by our assumption 

0 < p(T" go,T go) <€ 

Case-1: If minK = 1 then 0 < p(T"go,T*1g9) < € and for T”~1g9,T’ go € S we have 
A[min{p(T” go, T”** Go), p(T” *90,T” Go), PCT” Jo T”** G0)3] < [O(6(T” 1 G0,T” G0))| 
By (ii) 

A[min{p(T”~* go,T” Go), PT” go,T”** go) 3] < (Olo(T”* go, T” G0) 1)" 


If min{p(T’~* go,T” Go), PCT” go. T”**G0)} = p(T” *go,T” go), then 


ISSN: 2582-0974 [3] OPEN@ACCESS 


, ae y Middle East Journal of Applied Science & Technology (MEJAST) 
M E a A S T Volume 6, Issue 1, Pages 01-12, January-March 2023 


[p(T *g0,T” go] < (6lo(T”~*90,T” go)])* 

A[p(T’-*G0,T” Go)] < (Ole(T’*g0,T” go)))* < Alp(T”*G0,T” G0)1 
O[p(T”*99,T” go)] < OlpT”*g0,T” 90) ] 

which is not possible. So, 


Bp gal Ga) = Ola gif go)" 


1 < 6[p(T’ go, T”** 90)] < (Olo(T’ 1 G0, T’ go) )* < + < (@lp(Go,T9))*” 


1 < O[p(T" go,T”*1G0)] < (lp(Go.T go)" 
Applying limit w — oo we get 

jim O[p(T" go,T”**go)] =1 

Implies 

jim p(T” go,T”**go) = 0 

Now, we can say that 

Tv=v 

Case-2: If m = 2 suppose that 

p(T’ Go, T”** go.) 2€ -> (2) 


for all w € I+ and by our assumption 0 < p(T” go, T’*1go) < € we have 


0 [min{p(T"** go, re gy); p(T" Go, T™** go), p(T™*™ go, TT*™4*1 go)}] < 6[6(T" go, te ga) 


By (ii) 


0 [min{p(T"** go, Te pe; p(T" Go, T™** go), pore" gy, Orr Go) < (6[p(T" go: TT*™ go) ))* 


Ie minio gg ga) PO Gal Goi P a Ga oH Gol go) then 


A[p(T" Go,T"** go)] < (Ole(T" 90,T7*™" G0) 1)" 

A[p(T" go,T"**Go)] < (LPT G0, T Go) D* < O(0(T" Go, T+ Go)) 
A[P(T" 90,7" *199)] < O(o(T" g0,T"*”" G0)) 

O[p(T" go,T"** 90)] < O(p(T" go, T™*™ go)) < 6(€) 


O[p(T" go, T"** 90)] < (Ee) 


Using (2) we obtain 


O(e) < A[p(T" 90,T"** go) ] 


From above both equations 


A(e) < (Ee) 
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which is not possible. If 

min{p(T™** go, T™*™** go), PT” Go, T™** Go), PT Go, Tt * * go)} = PCT Go, TT" Go) 

A[p(T™*™ go, TT ™** go)] < (Alp(T™*™ go, T7*™** go) 

A[p(T™*™ go,T*™** go] < (AlP(T" G0,T*™" Go)I)* < Olp(T" Go,T"*™ Go) 

A[p(T™*™ go, T*™** go)] < O[p(T" G0,T*™ Go) 

A[p(T™*™ go, TT ** go) < O[P(T" Go, T*™"go)] < ACE) 

A[p(T™*™ go, T™*™** go)] < ACE) 

By (2) we have 

A(eE) < A(E) 

Again it is not possible. So, 

[o(T"** go, T*™** go)] < (@lP(T" Go,T™*™ Go)])* 

1 < O[p(T’ go, T”* Go)] < Olo(T 1 go. TY GoD << (Olp(T™** Go, TT go)” 
< ([p(T" go, T" go) 

1 < 6[p(T" go, T"*"go)] < (le(T" 90,77 *™ G0) 1) 

Applying limit w — oo we get 

Jim [p(T go, TY? Go)] =1 

implies 

Jim p(T" got" go) = 0 


Now proceeding in similar way such that there exists wz € N we have 


4 
(T’ go.T¥*™ go) <S—z forall w>w, 
wr 


Now for s > w 


PT’ go, TS go) S PCT” Go. TY ** Go) + p(T” ** 90, TY +7 G0) + PT *7 90, TY 3 go) + °° + PCTS * G0, T 8 G0) 
Wa Ts 1 1 1 1 
p(T Go T Go) 4 i? | 
wr (wt+1)r (w+2)r (s —1)r 


s-1 
i 
p(T’ go, T° go) S > a 


i=w lr 


As (T” go, T°go) > 0 as w,s > 0. So {T” go} is a Cauchy sequence. Since limy_,.o T”go = v. Now by orbital 
Jo! Jo Jo y 


continuity of T 
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tT o= lim TY" g, =e 


w->0o 


Now, consider the example, in which we apply the new conditions, made in the above theorems. And prove that the 


following example satisfies the new conditions, but didn’t satisfy the other conditions. 


Example-1: Let S={g, =2w-—1 ; forall we€N} we define bi-metrics p and 6 such that p(g,h) = 
3\g —h| and 6(g,h) =|g —h| forall g. hE S.Let T:S—>S bea mapping define by Tgy = gw-1 for all 
w > 2 and Tg, = g,.Let g= gy and h=gQ, 


P(T 9w-T 91) = 3|2w — 4| = 6|w — 2| 
P(9w TGw) = 3|2| = 6 

P(91,T 91) = 3|1—1] = 0 
P(9wTg1) = 3|2w — 2| = 6lw- 1| 
P(91,T gw) = 3|2(w — 2)| = 6|w —-2| 
5(9w, 91) = |2w — 2| = 6lw - 1| 
Now, 


- min{p(T gw.T 91), P(Gw»T Jw), P(91T 91)} — min{p(Gw,T 91), P(91,T Iw) 
w-e0 5(9w) 91) 


min{6|w — 2|, 6,0} — min{6|w — 1|, 6]w — 2} 
wae 2|w — 1| 


Now, we consider 0(g) = e9 € @. 


A[min{e(T gw,T 91), Pw T Iw), P(G1,T91)3) 


k 
almin{pCGw.T Gs), PGT Iw GD 


8[min{6|w — 2], 6,0 }] 


B[min{Slw — 1), ohw — 2p] <2 — UID" 


1 
a[e(w —2)] < (8[2(w — 1)])* 


2k(w-1) 
2o(w—2) Se 


which satisfy for all w > 2 and k € (0,1). 
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